The first analytic topologically non-trivial solutions in the (3+1)-dimensional gauged non-linear sigma model representing multi-solitons at finite volume with manifest ordered structures generating their own electromagnetic field are presented. The complete set of seven coupled non-linear field equations of the gauged non-linear sigma model together with the corresponding Maxwell equations are reduced in a self-consistent way to just one linear Schrodinger-like equation in two dimensions. The corresponding two dimensional periodic potential can be computed explicitly in terms of the solitons profile. The present construction keeps alive the topological charge of the gauged solitons. Both the energy density and the topological charge density are periodic and the positions of their peaks show a crystalline order. These solitons describe configurations in which (most of) the topological charge and total energy are concentrated within three-dimensional tube-shaped regions. The electric and magnetic fields vanish in the center of the tubes and take their maximum values on their surface while the electromagnetic current is contained within these tube-shaped regions. Electromagnetic perturbations of these families of gauged solitons are shortly discussed.
Introduction
One of the most relevant field theories (both due to its predictive power as well as its non-trivial topological features) is the non-linear sigma model. It is a very effective tool from high energy physics to statistical mechanics systems like quantum magnetism, the quantum hall effect, meson interactions, superfluid 3 He and string theory (see [1] [2] ). It was introduced in particle physics to describe the low-energy dynamics of pions (see for instance [3] , [4] and references therein). On the other hand, as Skyrme noticed [5] , such a theory does not possess solitonic solutions in flat, topologically trivial (3+1)-dimensional spacetimes. This can be shown using the Derrick's scaling argument [6] (although Skyrme understood this before Derrick himself). That's why Skyrme introduced his famous Skyrme term [5] . However, it is worth emphasizing that the beautiful currents-algebraic arguments by Witten [7] (see also [8] , [9] , [10] and references therein) to show that the solitons of this theory should be quantized at a semi-classical level as Fermions, and that such a theory describe the low-energy limit of QCD does not make explicit use of the Skyrme term itself but only of the fact that stable solitons with non-trivial third homotopy class exist (together with the well known Wess-Zumino-Witten term): a detailed review of these issues can be found in [2] . It is thus of great theoretical interest to search for a natural mechanism to avoid the Derrick scaling argument within the non-linear sigma model.
A topic which has a great theoretical as well as phenomenological importance is (a proper theoretical understanding of) crystals of solitons (which are very useful, for instance, in the description of cold and dense nuclear matter as a function of the topological charge [11] , [12] ). That's why it is relevant to analyze configurations with many solitons coexisting within a fixed spatial volume. In this very interesting but extremely complicated phase the most common analytic methods are basically useless and so solitons living within a finite volume in (3+1)-dimensions with a finite topological charge are usually studied numerically. The importance of this issue comes from the fact that crystals of solitons are expected to appear when, within a fixed spatial volume, the topological charge is high enough.
Until very recently, such solitonic crystals could only be found in two-dimensions (see [13] , [14] and references therein). Powerful approximation schemes developed in [15] , [16] , [17] , [18] , [19] , [20] , [21] , [22] , shed light on many properties of these crystals but analytic examples are very rare.
It is well known that, as the density increases, quite complicated ordered structures denoted as nuclear pasta phases appear as well (see [23] , [24] , [25] , [26] and references therein). The numerical works on these structures reveal the presence of "baryonic tubes" (nuclear spaghetti ) in which most of the baryonic charge is concentrated within tube-shaped regions in three dimensions 1 . These configurations with high topological charge living within finite volumes are also very difficult to describe analytically (the only available results in these phases have been obtained numerically).
Needless to say, even less is known when the electromagnetic interactions are taken into account. It would be very helpful to have some analytic control on crystals of gauged solitons in (3+1) dimensions, namely, exact solutions of theory with topological charge which are minimally coupled to U (1) gauge theories and with ordered structure. In particular, it would be quite an achievement to construct analytic examples of gauged solitons with high topological charge and, at the same time, with crystalline order. This would shed new light on the electromagnetic properties of strongly interacting solitons in a self-consistent way. Very few exact results are known in the literature: these results are derived either in 2+1 dimensions or (in higher dimensions) when some extra symmetries (such as SUSY) are available (see [27] , [28] , [29] , [30] , [31] , [32] , [33] , [34] , [35] , [36] and references therein). As one can see from the above references, unless suitable BPS bounds which can be saturated are available, gauged solitons can only be constructed numerically. Thus, in particular, there is no analytic example of a crystal of gauged solitons in 3+1 dimensions in the SU (2) non-linear sigma model minimally coupled to a U (1) gauge field (which will be denoted in the following as gauged non-linear sigma model).
This topic is not just of academic interest since, in many applications (from plasma physics to nuclear physics and astrophysics), the analysis of the electromagnetic properties of strongly interacting solitons is extremely important and very challenging even from the numerical point of view so that analytic methods able to simplify such systems are welcome.
As we will show in the following sections, one can find analytically crystal of gauged solitons even when no "saturable" BPS bound is available if the Derrick argument is avoided in a suitable way.
There are three physically meaningful approaches to avoid Derrick's argument in the non-linear sigma model which will be combined together in the following sections.
The first one is to search for a time-periodic ansatz such that the energy density of the configuration is still static, as it happens for boson stars [37] (in the simpler case of U (1)-charged scalar field see [38] and references therein).
The second approach corresponds to consider the minimal coupling of the non-linear sigma model with a U (1) gauge field describing the electromagnetic properties of the low energy limit of QCD.
1 Nuclear lasagna and nuclear gnocchi phases are also known to appear: see the references quoted above.
The third one is to analyze the model at a finite fixed spatial volume. Indeed, non-trivial boundary conditions at finite volume can also break the Derrick scaling argument.
These three ways to avoid the Derrick no-go argument can be combined using the generalized hedgehog ansatz introduced in [39] , [40] , [41] , [42] , [43] , [44] , [45] , [46] , [47] , [48] , [49] , [50] , [51] [52] .
This approach allowed the construction of analytical solutions that describe multi-solitons at finite density for both, in the non-linear sigma model as well as in the Skyrme model (coupled to the Maxwell theory in [50] and [51] ). Even more, recently, configurations of analytic multi-Skyrmions with crystalline order were constructed in [53] .
In this work, following the steps of [50] , [51] and [53] , we will construct, for the non-linear sigma model, analytic gauged multi-soliton solutions at finite density with crystalline structure. Using the generalized hedgehog ansatz in a sector with non-vanishing topological charge, the complete set of seven coupled field equations are reduced in a self-consistent way to one linear Schrodinger-like equation with an effective two dimensional periodic potential which can be computed explicitly in terms of the solitons profile. These gauged solitons describe configurations in which (most of) the topological charge and total energy are concentrated within tube-shaped regions whose positions are regular in space (very much like -a charged version of-the nuclear spaghetti in [23] , [24] , [25] , [26] ). On the other hand, the electric and magnetic fields vanish in the center of these tubes and take their maximum values on their surface while the electromagnetic current is contained within these tube-shaped regions. The present analytic construction of ordered arrays of gauged tubes allows, in particular, the analysis of electromagnetic perturbations of these crystals. It will be shown that the Maxwell field perceives these gauged solitons as an effective periodic medium whose properties can be studied explicitly. This paper is organized as follows: In the next section the gauged non-linear sigma model is introduced. In the third section, using the generalized hedgehog ansatz, we reduce the equations system to an only one linear Schrodinger-like equation with an effective potential. Also we compute the energy and the topological density. In section IV, through some plots of particular configurations, we clarify the physical meaning of the solutions here constructed and we show how a crystalline structure of multi-solitons emerge. We also analyze the perturbative stability of these solutions. In the final section some conclusions will be drawn.
The gauged non-linear sigma model
A very important question is whether or not it is possible to construct consistently crystals of gauged solitons and, at the same time, the corresponding electromagnetic fields in the gauged non-linear sigma model. The importance in many phenomenologically relevant situations to analyze the interactions between solitons of the low-energy limit of QCD with U (1) gauge fields makes mandatory the task to arrive at a deeper understanding of the gauged non-linear sigma model (classic references are [7] , [54] , [55] , [56] , [57] and [58] ).
Until very recently mainly numerical tools were employed (see [59] , [60] and references therein) to analyze these configurations. Here we will show that it is possible to construct crystals of gauged solitons in a finite volume using a time-dependent ansatz for the U field that allows to have non-vanishing topological charge and, at the same time, leads to a static energy-momentum tensor as well as to static electric and magnetic fields.
The action of the U (1) gauged non-linear sigma model in four dimensions is
where g is the metric determinant, m is the Pions mass, A µ is the gauge potential, ∇ µ is the partial derivative and σ i are the Pauli matrices.
The energy-momentum tensor is given by
being the electromagnetic energy-momentum tensor.
The field equations read
where the current J µ is given by
It is worth to note that when the gauge potential reduces to a constant along the time-like direction, the field equations in Eqs. (5) and (6) describe the non-linear sigma model at a finite isospin chemical potential.
As usual in the literature, the term gauged solitons will refer to smooth regular solutions of the coupled system in Eqs. (5) and (6) possessing a non-vanishing baryon charge (defined below in Eq. (8)). We will see later that, for the class of solutions presented in this work, the number of peaks in the energy density is related with the topological charge itself. The gauged solitons are considered to be static if the energy density (and, more generically, the energy-momentum tensor) does not depend on time. In other words, a gauged soliton is considered to be static if it corresponds to a static distribution of energy-density.
The correct expression for the topological charge of the gauged non-linear sigma model has been constructed in [54] (see also the pedagogical analysis in [59] ):
where
Note that the second term in Eq. (9) guarantees both the conservation and the gauge invariance of the topological charge. When Σ is space-like, W is the baryon charge of the configuration.
3 Gauged crystals
The ansatz
The main physical motivation of the present work is to study crystals of gauged solitons living within a finite volume. The easiest way to take into account finite volume effects is to use the flat metric defined below:
where 4π 3 L 3 is the volume of the box in which the gauged solitons are living. The adimensional coordinates r, θ and φ have the ranges
Following the strategy of [49] , [50] and [51] , the boundary conditions in the θ direction will be chosen to be Dirichlet while in the r and φ directions they can be both periodic and anti-periodic.
Combining the strategy of [49] , [50] , [51] with [53] , one arrives at the following ansatz for the gauged crystals:
A µ = (u(r, θ), 0, 0, −Lu(r, θ)) .
The periodic time dependence 2 in Eq. (14) deserves some comments. First of all, it is a key technical assumption which allows to solve the field equations analytically, as we will detail later. Secondly, the Derrick's famous no-go theorem on the existence of solitons in non-linear scalar field theories is avoided using a time-periodic ansatz such that the energy density of the configuration is still static (see [37] , [38] and references therein). The present ansatz defined in Eqs. (12), (13) and (14) has exactly this property (a direct computation shows that the energy density does not depend on time). Thirdly, unlike what happens for the usual bosons star ansatz for U (1)-charged scalar fields, the present ansatz for SU (2)-valued scalar field also possesses a non-trivial topological charge.
Field equations
Quite remarkably, with the above ansatz for the gauge potential A µ and for the SU ( First step: with the ansatz for the SU (2)-valued scalar field in Eqs. (12), (13) and (14) and for the gauge potential in Eq. (15), the three gauged non-linear sigma model field equations in Eq. (5) reduce to a single equation for the profile α, namely
One may wonder why the U (1) gauge potential does not enter explicitly in the field equations in Eq.
(5). This happens for the judicious choice of the ansatz in Eqs. (14) and (15) . In particular, very important relations which allow to decoupled Eq. (5) from Eq. (6) are Eq. (16) can be integrated easily in terms of inverse elliptic functions observing that it is equivalent to the following first order equation
The integration constant E 0 will be determined in the following subsection (see Eq. (25) below) requiring to have a non-vanishing topological charge within a finite volume 4 .
Second step: it is perhaps even more surprising that the four Maxwell equations in Eq. (6) with the current in Eq. (7) corresponding to the SU (2)-valued field constructed in the previous step reduce consistently to only one equation for u(r, θ) (defined in Eq. (15)):
It is useful to rewrite Eq. (19) as
The conclusion of this section is that the coupled system of seven field equations made by the three is known explicitly since the gauged non-linear sigma model equations are solved by Eq. (17) . The physical interpretation of these result will be discussed in the next section.
Topological charge and energy density
Taking into account Eqs. (12), (13), (14), (15) and (17) the topological density defined in Eqs. (8) and (9), for the configurations here constructed, read
where the contributions of the non-linear sigma model and the Maxwell theory are, respectively
which can be also written as
Thus, we can read the boundary conditions for the fields:
and with this the topological charge becomes
If we assume a boundary condition for u given by
we obtain
Now we note that, according to Eqs. (17) , (18) and (22), the integration constant E 0 is fixed in terms of n through the relation
On the other hand, the energy density T 00 reads
where T NLSM
00
, T Maxwell 00 are the energy density of the gauged non-linear sigma model and the energy density contribution of the Maxwell theory, respectively, which are given by
In the next section, the plots of the energy density will clarify the physical interpretation of the present multi-solitonic configurations.
Gauged baryonic tubes
In this section the physical interpretation of the gauged solitons is analyzed.
Current, electric field and magnetic field
The explicit expression of the topological density ρ B (in Eq. (21)), the energy density T 00 (in Eqs. (26), (27) and (28)) and the current J µ (defined in Eq. (7)) allows a clear physical interpretation of the above gauged solitons.
In our configurations the non-vanishing components of the current are
One can see both from the above expressions for energy density T 00 , the topological density ρ B and the current (J t and J φ ) that they are constant in the φ direction while they depend non-trivially on the two spatial coordinates r and θ. For instance, the baryon density ρ B is periodic in r and θ while it is constant in the φ-direction. The positions of the maxima of ρ B are a regular two-dimensional lattice (the same is true for T 00 , J t and J φ ). If we would include a three-dimensional contour plot of ρ B in the present work 5 , it would reveal that the regions of maximal ρ B are three-dimensional tubes of length 2πL parallel to the φ direction (the same is true for T 00 , J t and J φ ). However, two-dimensional contour plots are quite enough to understand the distribution of energy, topological density and currents of the present (ordered arrays of) gauged tube-shaped solitons. The similarity with the plots obtained numerically in the analysis of nuclear spaghetti phase is quite amusing [23] , [24] , [25] , [26] . To the best of authors knowledge, this is the first time that gauged solitonic tubes are constructed analytically in (3+1) dimensions.
The components of the electric and magnetic fields are given by
Figures 1 and 2 show the energy density, the topological density, the current and the electric and magnetic fields for a simple configuration of two massless gauged solitons at finite density. The following boundary conditions have been used
while the size of the box has been fixed as L = 1 and the pions coupling K = 2 for simplicity. From Figures 1 and 2 one can see that the present configurations have the shape of three-dimensional tubes (with the axis along the φ direction) with a crystalline order: the topological charge density takes 5 Unfortunately, we have been unable to reduce the size of the three-dimensional contour plots below the 30 MB.
its highest value where the energy density is maximum. One can also see that the topological charge density vanishes outside the tubes. The electric and the magnetic fields vanish at the center of the tubes, and their intensities have maxima on the surfaces of these tubes and they vanish outside them.
On the other hand, the current vanishes outside the tubes. One can see that, as the value of q increases, the peaks become more localized and their intensity also increases. On the other hand, when the value of the mass becomes larger, it is observed that the spacing between the tubes in the r direction becomes irregular, in such a way that the tubes are grouped in pairs in this direction.
A remark on the stability
The full stability analysis for the present gauged multi-solitonic configurations is a quite complicated task even numerically. There are two main reasons behind this fact: first of all, the field equations linearized around the gauged solitons constructed here do not reduce to a single master equation.
Secondly, the problem is essentially two dimensional: namely, the linearized field equations look like a system of two-dimensional coupled Schrodinger equations which do not allow separation of variables to get effective one-dimensional problems. However, in the following subsections we will discuss the stability of these gauged solitons under two particular types of perturbations.
Perturbations on the profile
When the complete set of coupled field equations in a sector with non-vanishing topological charge reduce to a single equation for the profile α very sound arguments (see [61] , [62] and references therein)
suggest that a very typical unstable mode corresponds to perturbations of the profile itself which do not destroy the hedgehog property:
One can easily see that if one linearizes Eq. (16) around a background solution α 0 (r) of charge B = np possesses the following zero-mode: Ψ (r) = ∂ r α 0 (r). If one takes into account Eqs. (17) and (18), it turns out that Ψ(r) has no node: therefore Ψ(r) is the perturbation with the lowest energy. Obviously, this result does not imply that full stability, nevertheless it is a strong hint as often the stability of solitons with high topological charge fails precisely due to this type of perturbations.
Electromagnetic perturbations
Here we will shortly discuss the behavior of the above class of analytic gauged solitons under electro- 
When one considers general electromagnetic perturbations the contribution at first order in ε to the current has the following form
whereC ν µ can be seen as an effective mass-like tensor. Therefore, the Maxwell equations linearized around the gauged solitons constructed in the previous sections read
In conclusion, the electromagnetic perturbations of the above family of gauged solitons perceive the background solutions as an effective medium whose properties are encoded in the mass-like tensorC ν µ which explicitly depends on the soliton profile α defined in Eqs. (16), (17) and (18) .
We hope to come back on the analysis of electromagnetic response functions of this "effective medium" in a future publication.
Conclusions and perspectives
The first analytic examples of gauged solitons with non-vanishing topological charge and with manifest ordered structures in the gauged non-linear sigma model in (3+1)-dimensions have been constructed.
The complete set of seven coupled non-linear field equations can be reduced (using a judiciously chosen ansatz) in a self-consistent way to one linear Schrodinger-like equation with an effective two dimensional periodic potential keeping alive, at the same time, the baryonic charge. The energy density, the topological charge density and the current density are periodic and the positions of their peaks manifest a crystalline order. These configurations describe gauged tubes in which (most of) the topological charge and total energy are concentrated within three-dimensional tube-shaped regions whose positions are regular in space. The electric and magnetic fields vanish at the center of the tubes and take their maximum values on their surfaces while the electromagnetic current is contained within these tube-shaped regions. Electromagnetic perturbations of these gauged tubes perceive them as an effective periodic medium whose properties can be studied explicitly in term of the solitons profile.
The plots presented here are similar to the ones obtained numerically (see [23] , [24] , [25] , [26] analyze the semi-classical quantization of these gauged tubes following the classic references [7] , [8] , [9] , [10] (however some of the techniques in the above references cannot be applied directly here since the present gauged solitons are not static, although the corresponding energy-momentum tensor is).
We hope to come back on these very nice topics in future publications. 
Acknowledgements

Appendix: Obtaining the field equations
Explicitly, the SU (2) scalar field, according to our ansatz defined in Eqs. (12), (13), (14) and (15) 
where we have defined P = p − 2Lu , F (±) = cot(α) ± i cos(qθ) sin(qθ) sin 2 (α) ,
(Lφ−t) , G (±) = i cos(qθ) cos(α) ± sin(α) .
On the other hand, varying the Lagrangian w.r.t the U field we obtain
For the non-linear sigma model term, we use δ(U U −1 ) = 0 → δU
so that
From the above, the variation of the non-linear sigma model term (using the cyclicity of the trace for the first two terms) becomes
where we have integrated by parts. Now, introducing this in the variation of the Lagrangian, we obtain
and because U = 0 and the first factor in the trace is in the algebra, it is necessarily that
